Deterministic Simulation of Random Processes

By Joel N. Franklin

1. Introduction. For many problems in engineering, economics, mathematics,
and the sciences we are required to simulate random processes. The simulation is
usually effected by a computer program which generates a non-random, deter-
ministic sequence of numbers z; , 22, - -+ which is supposed to resemble a sequence
of independent, random samples from the uniform probability distribution on the
interval 0 < z < 1. The purpose of this paper is to define some general properties
of random sequences and to investigate certain deterministic sequences which have
some or all of these properties. We shall ignore the limitation that a digital com-
puter with a finite word-length and a finite memory, operating under a single stored
program, can produce only sequences of limited precision which are ultimately
periodic. This limitation is a kind of round-off error. We shall take as a model of a
deterministic mechanism any of the stored-program digital computers now com-
monly used for scientific computation modified in a single respect: let the word-
length be infinite; let rational and irrational numbers x be recorded and computed
with perfect precision.

The fundamental problem approached in this paper is to construct an infinite,
deterministic sequence x, which has every property shared by all infinite, random
sequences of independent samples from the uniform distribution.

Equidistribution is a first requirement of randomness. The sequence 2, is equi-
distributedin0 = z < 1if,for0 = a <b = 1,

(11) lim: ¥ 1=0b-a
N->ow N agz,<b
1<ngN
H. Weyl [1] showed that the fractional parts z, = {na} are equidistributed for
any irrational a. A summary of results on equidistribution is given by J. F. Koksma

[4]. A sequence in r dimensions 2 = (5™, 2™, ---,2,™) is equidistributed in
the unit cube
C.:0=2 <1, 0=2<l1, ceey 02 <1
if,for0 = a;, <b; =1 (f=1,---,71),
(12) lim ~ > 1 =TI (b: — av).
N> N ai_s_zi(ﬂ)<bl(i=1,-~',r) =1
1<n<N

It was shown by Weyl [1] and by van der Corput [2] that the sequence 2™ is equi-

distributed if and only if

N
(1.3) lim-l— > exp 2mi(kiz2™ + keze™ + -0 + k2,™) =0
N> n=1
for every set of integers k; , - - -, k. not all zero.
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We require a definition of “probability” for deterministic sequences z, . Let S,
be a sequence of statements about the numbers z, . We define

(1.4) Pr (S,) = hm— > 1
vou N 2SN

when this limit exists. For example, we define

(1.5) Pr (z, > 2pt1) = hm-l— >

N zn>zn +1
1<ngN

if the limit exists. As another example, definition (1.1) states that a sequence z, is
equidistributed in C;, if Pr(a<z,<b) =b—a for 0 a<b=1.

There are k! possible orderings of k distinct numbers 2,25, - -+, 2 . Corre-
spondingly, there are k! classes O; (j =1, ---, k) of vectors (2, ---, ).
For example, if k = 2 we say (21, 2:) €01 if 21 > 25, but (21,20) €02 if 22 > 2.
For a given sequence z, in C; define the k-dimensional vectors

(1.6) 2 = (@n, Tagr,y o, Tngpor) (n=12--).

We shall say that the sequence z, is equipartitioned by ks if

(1.7) Pr (™ € 0;) = G=1,---,k).

kl
The sequence z,, will be called equidistributed by k’s if the k-dimensional sequence
2™ is equidistributed in the unit cube C;, . The sequence x, is completely equidistrib-
uted if it is equidistributed by k’s for every k.
More generally, the sequence of r-dimensional vectors

(1.8) = ™, ™) n=12---)
is defined to be equidistributed by k’s if the sequence of k-r dimensional vectors
= (™, ... g™ gy (n41) yl(n+k—1) ey (n+k—l))
’ ) T ) ) y Jr ) ) ) 1 Ir

is equidistributed in C,. The sequence y'™ is completely equidistributed if it is
equidistributed by k’s for every k.

Tor one-dimensional equidistributed sequences x, we define the autocorrelation
Sfunction R (7) and the spectral density ¢ (w) by

R(r) = hm_l_ i(m _1 (xﬁ_l> (r =0,1,---)
v N ad\" 2 " 2 »

(1.9) B
¢(w) = R(0)w + 2 ; R(7) cos 2rrw

if these limits exist. D. L. Jagerman [5] has proved that, if the limit

(1.10) F(r, k,v) = lim — Z sin 2rkx; sin v,
N> N i=1
exists, then the equidistributed sequence z, has the autocorrelation function
F(r, k,
(111) R(D =23 ("2 25
k=1 v=1 197
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The numbers x,, form a white sequence if R(7) = 0 for all + 5 0. Using the theorem
(1.11) Jagerman proved that z, = {n’a} is white.

Finally, for the purpose of generating multi-dimensional sequences from one-
dimensional sequences, we define the r-dimensional derived sequence y'™ related to
the one-dimensional sequence z, by the formula
y(n) = (x"T y Tnrdly """, x"H—"—l) (n =1, ‘2: o )

All of the properties equipartition, equidistribution, and whiteness are of
interest because they are properties of the truly random sequences which we are
trying to simulate. In this paper these properties are studied with regard to several
classes of equidistributed sequences. We consider briefly the Weyl sequence z, =
{na}, o irrational. We then consider Multiply sequences, which are formed from
recursion formulas

(1.12) Tpy1 = {an + 0} (n = 07 11 o ')

where N = integer > 1. These sequences have a long history in the literature and
practice of computation; some early references are given by O. Taussky and J.
Todd [6]. These sequences were shown to be equidistributed for almost all z, in
[7]. Next we discuss ““polynomial” sequences.

(1.13) T = (nPa + en” 4 em® P+ -+ + ¢}, airrational.

H. Weyl [1] showed that these sequences are equidistributed. Finally we discuss
the sequences z, = {6"}, which were shown by J. F. Koksma [3] to be equidistrib-
uted for almost all § > 1.

Summary of results: The Weyl sequence z, = {na}, a irrational, is not equi-
partitioned by twos.

A Multiply sequence may fail to be equidistributed even if zo is transcendental.

Every equidistributed Multiply sequence is equipartitioned by twos.

Every sequence equidistributed by k’s is equipartioned by k’s.

Let 21,25, -+ be any sequence in C; generated by a recurrence formula
Zny1 = F(x,). This sequence cannot be equidistributed by k’s for any & > 1 if
F (z) has any point of continuity in 0 < x < 1. In particular, no Multiply sequence
is equidistributed by k’s for any £ > 1.

Let z,, 22, - -- be an equidistributed sequence satisfying z,4; = {Nz,}, N =
integer > 1. Then

Pr(z, > Tny1 > Tnge) = 51+ N7,

Thus the sequence is not equipartitioned by k’s for any & = 3.
Let 6 and x, be fixed. FFor each N = 2, 3, --- form the Multiply sequence
Zn = 2. (N) from the recurrence formula (1.12). For almost all z, these sequences
are equidistributed, and they are asymptotically completely equidistributed in
this sense: For every positive integer k
k—1

lim Pr(a, £ 20n(N) < b, for r=20,---,k—1) = J] (b, — a,)

N> r=0

fO0=<a<b =1 (r=0,---,k—1).
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For almost all x, the Multiply sequence z,(N) is asymptotically completely
equipartitioned in this sense: For every positive integer k

lim Pr (:™(N) € 0;) = L

N->w k!

(] =1, 7k')

where 0, is any of the k! partitions of C; , and wherez™ = (Tn, Tus1, =+ * » Tnsir).
Let f(z1, -+ -, 2;) be any Riemann-integrable function in C; for which all the

one-dimensional Riemann integrals over line segments in C; exist. Then for almost

all starting values xo the Multiply sequences z,(N) have the limiting property

M 1 1
lim lim - 3 (@), - @wria V) = [ oo [ flan, o m) dey o da
N->w M->© n=1 0 0
For almost all zo the Multiply sequence defined by (1.12) has the autocorrelation
function

R(r) = N7"(& — B + 36  (r=0,1,--)
where 8 = (N" — 1)8/(N — 1). Thus
— &N S R(r) = &N~ (r=0,1,--)

so that R(r) — 0 as N — o uniformly in 7 for 7 # 0; in this sense the Multiply
sequence z, (N) is asymptotically white.

Let ¢(z) be a polynomial with real coefficients. Suppose that for some z, the
sequence z; , Zz , - - - generated by

Topr = {q(@a)}  (n=0,1,---)

is equidistributed in 0 < z < 1. Then either ¢ (x) = & + «, « irrational, or ¢ (z) =
Nz + 6, = N = integer > 1.

The “polynomial” sequence (1.13) of degree p is equidistributed by £’s if and
only if £ < p.

Every polynomial sequence of degree p = 2 is white.

The sequence z, = {n’a}, a irrational, 0 < a < 1, is equipartitioned by threes
if and only if « is one of the four numbers (3 & /3)/12, (9 £+ +/3)/12.

The sequence z, = {8"} is completely equidistributed for almost all § > 1.

If z, = {67} is equidistributed by 7’s, then 6 cannot be an algebraic number of
degree < r. In particular, if {6"} is completely equidistributed, then 6 is trans-
cendental.

Every completely equidistributed sequence is white.

There is an equidistributed white sequence z, for which Pr(z, > z,.1) is not
equal to 1/2.

There is a sequence z;, s, - -+ equidistributed by twos for which the two-
dimensional derived sequence (z, , x3), (x4, xs), - - - is not equidistributed.

For any Multiply sequence z, the r-dimensional derived sequence y™ =
(@nry Turga s *** 5 Targr—1) 18 Not equidistributed in C, for any r > 1.

The r-dimensional derived sequence 3™ formed from the polynomial sequence
ZTn = {em® + --- + ¢} (« irrational) is equidistributed by k’s if and only if
kr < p.
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For almost all 6 > 1, foreveryr = 1,2, - - - , the r-dimensional derived sequence
y™ formed from z, = {0"} is completely equidistributed.

2. Weyl Sequences. Weyl showed [1] that ., = {na} is equidistributed if «
is irrational. Let us compute Pr (2, > z,41). We havez > {x 4+ o} when1 — o =
z < 1. Therefore, by equidistribution,

(2.1) Pr(ty > tap) = Pr(l —a <, <1) = a L.

As D. L. Jagerman has shown [5], Weyl sequences are not white. He has shown
that, according to definition (1.9),

R(r) =1i2—f0”(%— {u})du (r=0,1,2 ).

Since the integral f (3 — {u}) du is a periodic function of z, we may also write
0

R(r) =1—12—f0(m(1—u>du (r=012 ")

Since the values {a7} are equidistributed in (0, 1), the sequence R () takes values
dense in the interval (— 3%, i) for arbitrarily large integers 7. Therefore, the
spectral density ¢ (w) defined by (1.9) does not exist.

3. Multiply Sequences. Although Multiply sequences, defined by (1.2) with
N = integer > 1, are equidistributed for almost all 2, (c.f. [7]), it is not sufficient
for equidistribution that o be irrational.

TuroreM 1. A Multiply sequence may fail to be equidistributed even if 2, is
transcendental.

Proof. Let 8 = 0, and let x, be the Liouville number

0

To= Z N ! .
v=1
This number is easily shown [9] to be transcendental. Then all the numbers z,
have N-ary expansions beginning with .1 or with .0; in every case

@n={N'z) <N+ N+ N’ <1

Therefore, these numbers fail to be equidistributed.

Incidentally, it was Borel who first proved, by probabilistic arguments, that
for almost all positive numbers z, < 1 the digits 0, --- , N — 1 appear with equal
likelihood 1/N. The proof of equidistribution for 6 s 0 which appears in [7] follows
from the Riesz ergodic theorem.

TueorEM 2. Every equidistributed Multiply sequence vs equipartitioned by 2’s.

Proof. We must show that the z, are distinet and that Pr(z.; > z,.) = 1/2
in the sense of the definition of “probability” given by (1.4).

The numbers z, are distinct because otherwise the sequence would ultimately
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be periodic and therefore not equidistributed. In other words, if z, = z,, then
Tpti = Lopq for all ¢ > 0.

Let G be the set of numbers z in (0, 1) with the property that {Nx + 6} > «.
Since the z, are equidistributed, with z,4, = {Nz, + 6}, the theorem will be
proved if it is shown that G consists of a finite number of intervals whose lengths
total 1/2. Without loss of generality assume 0 < # < 1. Then for k = 0,1, --- | N

3.1) {Nx+ 6 =Nzx+ 06—k for zin E;

where E,, --- , Ey are the subintervals
Eo:0§_w<1—]—v'—0

(32) Ek:k;0§x<’$f (k=1,---,N —1)
Bl cn

Let Gy, be G N E;, i.e., that portion of G which lies in E; . In G} we have Nz +
6—k>z, or x> (k—6)/(N —1). Since (N — 8)/(N — 1) > 1, theset Gy
is empty; for k£ < N the sets Gy are the intervals

1 —

G: 0=z < —N—o
(83) k—6 k+ 1
since

k— 6 k—6 E+1—6

< =1 .- _
o <v—is—% (k=1,---,N —1).
Therefore, G is the union of the intervals Gy, - -+ , Gy_; , whose lengths total
S(ek+1—-60 k-0

(34) |G| = Zle| —-+Z( + -~ V-1
for which an elementary computation gives the value |G| = 1/2. This completes
the proof.

This is a convenient context in which to prove the general result:

TuroreM 3. Every sequence equidistributed by k’s is equipartitioned by k’s.

Proof. Given a sequence z, in the interval C; such that the vectors
2™ = (Tn,Tas1, ", Tnsr) are equidistributed in C , we must show that these
vectors lie in the set O; with probability 1/k! where O; is any one of the k! subsets

OkaI
(35) 01321<“‘<2k,"‘, Ok!:2k<"'<21.

This is an immediate consequence of the well-known fact (see, for example, Koksma
[4]) that

(36) hm—— Z f(z™) = fl [f(z) dey -+ - dz
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for all Riemann-integrable functions f(z) = f(z, -+ ,2) if the sequence 2™ is
equidistributed in C . In our case we simply define f(z) = 1if zisin O;,f(z) = 0
otherwise. Then formula (3.6) reads:

3.7 Pr(z*™ in 0;) = volume of O;.

By symmetry O; has volume 1/k!.

Returning to Multiply sequences, we observe from the following general result
that no Multiply sequence is equidistributed by k’s for any & > 1.

THEOREM 4. Let o, %y, - -+ be any sequence in Cy generated by a recurrence
SJormula &,y = F (x.). This sequence cannot be equidistributed by k’s for any k > 1
if F(x) has any point of continuity in 0 < z < 1.

Proof. Let F (z) be continuous at x = a, with F (a) = b. Then there is a number
8 > 0 such that |F(z) —b| < 1/4 if |z — a| < 8. Let I be the intersection of
|z —a] < 8 with 0 < 2 < 1; let J be any interval in C; whose distance from b
exceeds 1/4. Then no points (2, , Z.41) lie in the rectangle I X J. Therefore, the
sequence z, is not equidistributed by twos, hence not equidistributed by k’s for
any k > 1.

In the case of Multiply sequences, F (z) = {Nxz + 6}, which is continuous at
all but N or N — 1 points in (0, 1).

The question remains: Are Multiply sequences at least equipartitioned by %’s
for all £? We answer this question in the case § = 0.

THEOREM 5. Let x;,22, -+ - be an equidisiributed sequence salisfying T,y =
{Nz,}, where N = integer > 1. Then
(3.8) Pr(z, > Tpy1 > Tnye) = (1 4+ N 7.

Thus, the sequence x, ts not equipartitioned by k’s for any k = 3.
Proof. For 0 £ z < 1 define

(3.9) y ={Nz}, z={Ny} ={N}.

Let @ be the set of z such that x > y > 2. Since z, is equidistributed, it will suffice
to show that @ is a collection of a finite number of intervals whose lengths total
a1+ N 1) /6. For this purpose we use the Borel interpretation of y and z. We have
A4 vy B =z
‘1 = — —_ = — —_—
(3.10) r=5ty, v=yxtyw
where A and B are integers between 0 and N — 1, and where z, y, and z are = 0
and <1. We proceed to enumerate the cases in which x > y > z. If A = 0, then
z = y/N = y, so that the relation £ > y > z is impossible; in the same way we
conclude that B> 0.If A =1, --- ;N — 1 we have x > y when

A
N -1
Similarly, y > 2z when z < B/(N — 1). But z > y implies A = B, since
_A .y _A+1 _
(312) x—N+N<~—N—=y
Therefore x > y > 2z implies

(3.13) N—12zAz=Bz=1 0<z<B/(N-1).

(3.11) %+%>y, or y<

if Bz A+ 1
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Conversely, these inequalities imply

A A
14 = _ .
(3.14) +N<N+N N-1"N_1
Therefore, by (3.11), the inequalities (3.13) imply x > . Since the second half of
(3.13) implies y > 2, the inequalities (3.13) are sufficient as well as necessary for
x>y >z Buteach 2z in C; has a unique N-ary representation

(3.15) =¥ + e +
Therefore, by (3.13) we see that the set G = (xlm > y > z) is a collection of a
finite number of intervals whose lengths total

N—1 A 1 B
61=3%

“ &~=IN* N -1

1 N-1y
N2(N -1 42_21 2

This completes the proof.

The preceding computation shows that, although Pr(z, > x,41 > Zaq2) = 1/6,
this number is approached as N — . In this sense, Multiply sequences with § = 0
are asymptotically equipartitioned by 3’s. We shall show much more: Multiply
sequences with any 6 are asympiotically completely equidistributed as N — o,

THEOREM 6. Let 8 and x, be fixed. For each N = 2,3, --- form the sequence
ZTn = o (N) from the formula

(3.17) xn+l = {an + 0} (n’ = 0) ]-7 2} o ')'

For almost all xo these sequences are all equidistributed, and

(3.16)
AA+1) == (1 + N7H.

k—1
(3.18) lim Pr(a, < %ny,(N) <b, for r=0,1,---,k—1) = [[ (b — a)
N->© r=0
f0=Za,<b,=1(r=0,---,k—1). This result holds for all positive integers k.

Proof. This result follows from a calculation with Fourier series. For all real =
define the periodic function ¢ (z; a, b) = ¢ (x + 1;a, b) such that

(319) ¢=1(a=z<b); ¢=0 0=z<a or b=z <1).

If 0 <2 < b =1 this function is discontinuous unless ¢ = 0 and b = 1. For all
sufficiently small ¢ > 0 we define continuous, periodic, piecewise linear functions
¢ (z;a,b) and ¢ (z;0a,b) asfollows: If a = Oand b = 1, define¢p” = ¢~ = ¢ = 1.
If a > 0orb < 1 define

o =¢'(e— (a—¢) (@—e=2=a)
¢ =1 (a=z=0b)
(320) ' =¢'(b+e—2) b=z=b+e
¢ =0 b+esz=a—e+1)

¢ (@;0,b) =¢ (x+ 1;a,b) forall z.
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Similarly define

¢ =¢'(x—a) (@=z=a-+e

6 =1 (a+e<z=b—¢
(3.21) ¢ =¢'(b—2z) b—e=sz=D)

¢ =0 b=z=a+1)

¢ (r;a,0) =¢ (x+ 1;a,b) forall =z

Both functions ¢ and ¢~ have uniformly and absolutely convergent Fourier series

(3.22) ¢*(x;a,b) = D™ (a,b) exp 2mive forall z.
Furthermore, for all
(3.23) ¢~ (z;0,0) < ¢(z;0,b) < ¢ (z;a,b)
and
1
(3.24) f ¢=(z;0,b) dz = ¢™(a,b) =b —a £ €
0

where ¢ = ¢ unless @ = 0 and b = 1, in which case ¢ = 0.

For each integer N > 1 the sequence z, is equidistributed for almost all z, .
Therefore, since the set of N’s is denumerable, all sequences z,™ are equidistributed
for almost all z, ; in the rest of the proof we assume x, to have any value such that
all the sequences z,™ are equidistributed.

A trivial inductive proof shows that for eachn =0, 1, - --

(3.25) ZTnir = N'xp + 6. (mod 1) (r=0,1,---)

where 6, = (N" — 1) /(N — 1). Therefore, a, < 2,4, <b, for r=0, .-,
k — 1if and only if

k—1
(3.26) I_Io ¢(N'z, +6,;0a.,b,) = 1.

By the equidistribution of z,

Pr(a, = 2per < b, for r=0,1,---,k— 1)
M k—1

= lim M > [[¢WN'z. + 6, a.,b,)

M—->0 n=1 r=0

(3.27) -
=f II ¢(N'z + 6,5 a,,0,) do.
0

r=0

Denoting this probability by P, we find from the inequalities (3.23)

1 k—1 1 k-1

(3.28) f o (Ne+6;a,b)de<P< fo I1 6 (Vs + 6,50,,b,) de.
0 r=0 e

Using the Fourier series (3.22) for ¢*, we find

1 k—1

(3.29) P= II > ¢t (a.,b,) exp 2aiv,(N'z + 6,) da.

0 r=0 v,
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Term-by-term integration gives
(3.30) P< 2 2 ch(an,b) oo el (@, b LON)
V-1

where
1

(331)  L(N) = w,f exp (2mi(v + N + - + N ) de
0

where w, = exp 2mi Zv,@, . Unless all », = 0 the integer vo + N + -+ + N*1

is non-zero for all sufficiently large N, and I, (N) = 0. Thus I,(N) - 0as N —

for each non-zero lattice point » = (v, - -+, »x1). Since all the Fourier series for

the functions ¢*(N"z + 6, ; a,,b,) converge uniformly with respect to N and z,

we may take the limit of the sum in (3.30) as N — « term-by-term to obtain
lim sup P < ¢ot (a0, bo) -+ co" (@t , biy).

N->00

From the identity (3.24) we conclude

lim sup P = H by — ar + & ).
N->oo
Working with ¢~ instead of ™, we find similarly

k—1

liminf P = J] (b, — ar — & ).

N->w r=

Since ¢, < e is arbitrarily small, we obtain the required result P — [] (b, — a,)
as N — o,
From this result we can show that for almost all starting values x, the Multiply
sequences &, (N) are asymptotically completely equipartitioned as N — .
TuEOREM 7. For almost all 2y the Multiply sequences x,(N) defined by (3.17)

have the property

(3.32) lim Prz™ (N) in 0;) = 1/k!
N->oo
where O; is any of the k! partitions (3.5) of Ci , and where 2™ (N) = (z.(N), -,
Tati-1(N)).
Proof. Let f(z1, -+ ,2) = 11if 2z lies in O;, f(z) = 0 otherwise. By the equi-

distribution of each sequence z, (N), we have the existence of the limit

j:f(x, (Nz 401}, -, (N2 + 1)) do

(3.33) = lim — Z f(@n, Nz, + 61}, -+, (N2, + 6,4} dz

M->0

lim — X_: f™(N)) = Pr (z™(N) in 0;)

M->0

where the numbers 6, are defined in (3.25). Let ¢ > 0 be given. Since f(2) is Rie-
mann-integrable in C;, we can partition C; into k-dimensional boxes B, with
volumes AV, such that

(334) Y M,AV, — €= f f f(2)dey - dep = D m,AV, + ¢
v Cr v
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where m, < f(z) < M, for 2z in B, . Let P,(N; M) be 1/M times the number of
points 2 (N), - -+, 2™ (N) which lie in B, . Then

(335)  Tm PN S = 3 EOW)) £ X MR ).

By the last theorem we know that P,(N; M) tends to a limit P,(N) as M — «
(the form of this limit is given by the integral in (3.27)) and that P,(N) tends to
the limit AV, as N — . Therefore, by (3.35)

(3.36) > mP,(N) < Pr(z™(N) in0;) £ > M,P,(N)
and

lim sup Prz™ (N) in 0,) £ Y. M,AV,
N->x v

3.37
(3:37) lim inf Pr(z™ (N) in 0;) = Y. m,AV,.
N> v

Using (3.34) and letting e — 0 we obtain the existence of the limit

(3.38) lim Pr (z" (V) in 0;) = fckf (2) de

= volume of 0, = 1/k!

This completes the proof.

We have, in fact, proved the more general result:

TueorEM 8. Let f(z1, -+, xx) be any Riemann-integrable function in Cy for
which all the one-dimensional Riemann integrals (3.33) over line segments in Cy, exist.
Then for almost all starting values o the Multiply sequences x,(N) defined by (3.17)
have the limiting property

lim lim - f f(@a(N), -+, Zutza(N))

(3.39) Voo Mo o=l 1 1
=v£ .../;f(zl’...’zk)dzl...dzk.

Next we compute the autocorrelation function (1.9) of a Multiply sequence.
TarOREM 9. For almost all x, the sequence defined by z,41 = Nx + 6, N =
integer > 1, has autocorrelation function

(3.40) R(r) = N7 (& — ¥8} + 318" (r=0,1,---)
where 3 = (N" — 1)6/ (N — 1). Thus
“ANT SR S ANT (r=0,1,--1)

so that R(7) — 0 as N — « unigformly in = for 7 # 0.
Proof. We use Jagerman’s Theorem (1.9), (1.10). We have

M
(3.41) F(r,k,v) = lim 2—1— > (cos 2wz — cos 2wz t)

M->0 j—1



DETERMINISTIC SIMULATION OF RANDOM PROCESSES 39

where zF = kz; & 2;4, . Letting “="" mean “congruent modulo 1”, we find from

(3.25)
Hr
ot = (Nx + 110> <N’+’xo+]£Tr">
(3.42) N — 1
=Nz + =30 +8
where
(3.43) zo = (k = »N )y, 0 = (k & vN )9, 8=+ N—N——: 11 0.

From (3.42) we observe, again using (3.25), that 2" = z;” + »8, where z;, is the
Multiply sequence satisfying

(3.44) zip={Nz; + 6} (j=0,1,---).

The numbers z; are equidistributed for almost all 2o , hence by (3.43) equidistrib-
uted for almost all z, if k &= »N™ = 0/. By Weyl’s criterion the translates z; = x;’
+ B are equidistributed when the z; are equidistributed. Therefore,

1
(3.45) lim = Z cos 22" = f cos2rzdz = 0
M->w0 ]l[ 0

for almost all x, if the integer k& & »N* # 0. But ¥ + »N* = 2 for all positive &

and ». Therefore, by (3.41),

F(r,ky,v) =0 wunless k—»N" =0
(3.46)

F(r,vN",v) = 1 cos 2m8.

The last identity follows from z;” = y8forall jif k = »N" . By Jagerman’s theorem
(1.11) and by (3.46)

R(r) = ZZF(T k,v)

(347) s
' _ i cos 23
=1 27%N™°
Using the well-known identity
Zlcoiz:m=%—x+m2 0221

we obtain the required result (3.40).
We should like also to compute the spectral density

#(w) = R(0) + 2 2 R(7) cos 2nrw

T T 2
-I- ;1 (1 {]]\:r : 11 0} + {H 0} > €os 27w,

(348)
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If 6 = 0, ie., if z, = {N"zo}, this series may be summed to the value

¢(w) = 1—12 + ;_1 N7 (é) cos 2rrw
(3 49) . __1__ + lRe(l _ N'—IeZ‘rriTW)—l
' 276
_ar?
8(0) = o L=x

121 — 2N cos 27w + N-2°

Multiply sequences and Weyl sequences are generated by recurrence formulas
T = {p(x,)}, where p(z) is a polynomial of first degree. In the next theorem we
assert that there are no polynomials of higher degree which generate equidistributed

sequences.

TueoreM 10. Let p(z) be a polynomial with real coefficients. Suppose that for
some o the sequence T, , T2, - - - generated by
(350) Tpy1 = {p(-’l‘n)} (n = 07 11 te )

1s equidistributed tn 0 < z < 1. Then either p(z) = = + a, a trrational, or p(z)=
Nz + 0, £N = integer > 1.

Proof. For any assertion S, we have Pr(S,) = Pr(S,41), since the number of
numbers n = 1, --- , M for which S, is true differs by at most 1 from the corre-
sponding number for S, . In particular,

Pr(z, <y) = Pr(xnpa <¥)
(3.51)
= Pr({p(z.)} <)
or, by equidistribution, if 0 < y < 1,
(3.52) y=mzl{p(x)} <y, 0<2<1),

i.e., y is the measure of the finite collection of intervals of values  such that {p(x)} <
¥, 0 < z < 1. There is at most a finite number of points z; such that p'(2) = 0.
Let y = b be any point satisfying

(353) 0<b<1, b={p0)}, b#{pl)}, b#*{p(e)} forany 2.

Letx = a;, a2, -+ - , a; be the finite collection of points in the open interval (0, 1)
such that b = {p(a;)}. There must be at least one such point a;, for otherwise
there would be an interval of values surrounding b which were not achieved by

p(2); then none of the values z, , @, - - - could be in this interval, and the sequence
x, could not be equidistributed. Let
(3.54) N;=[p(a,)], b=pla)—N; @G=1--,k).

Since p’(a;) # 0, there are inverse functions £,(y) uniquely defined in a neighbor-
hood |y — b| < & such that

£,(b) =a;, y={py)} =p(y)) —Nj,

(3.55) , _
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For |y — b| < & diffcrentiation of the identity (3.52) gives
1=—mz|{p(x)} <y, 0<z<l)
(3.56)

dEJ Z dEJ ( I/ )

?i"

k
Z_‘( 2ei
where 6; = sgn £(b) = sgn p (a,) = +1.

We now consider each function £;(y) in the whole complex y-plane. This function
is analytic except for branch points y; = p(z,) — N; where 2,, 2, --- are the
zeros of p'(z). For j = 1, --- , k there are at most k(d — 1) distinct points y,,
if d is the degree of p(2). Let the y-plane be cut by non-intersecting curves extend-
ing from the points y; to the point at infinity. In the cut plane every function
£;(y) is a uniquely-defined analytic function of y satisfying

j=1

(3.57) y=pEW) —N;  G=1,-,k).
Analytic continuation of (3.56) gives
k ) k )

j=1 d7/ J=1 ,(Ej(y))

in the whole cut plane. Let y tend to infinity in the cut plane. By (3.57) each point
£;(y) tends to infinity hecause d = degree of Pz = 1. If d > 1, then (3.58) gives a
contradiction, since £;(y) — <« would imply p "(£;(y)) — » and 1 = 0in the limit.
Therefored = 1,and p(z) = Az + B, A # 0. Then 6; = sgn &, "(b) = sgn A.
Equation (3.58) now yields 1 = k/A, A = =+ the positive integer k. The case
A = —1 is impossible because 2,41 = {—x, + B} gives the two-valued sequence

Tom = {1'50;, Lom41 = {—xo-i-B} (m=0,1, S,

If A = 1 we must have B equal to an irrational number «; otherwise z, is periodic.
Ifk =2,3, ---, the proof is completed by setting N = A = +k, § = B.

With regard to sequences generated by z.4, = {Nz, + 6} where N = integer <
—1, the argument in [7] proving that z, is equidistributed for almost all z, was
made only for N = integer > 1; hut the proof also holds for N = integer < —1.

4. Polynomial Sequences. Weyl [1] proved that for any integer p > 0 the
sequence

(41) Ty = {an" + clnp_l + Cz'ﬂﬂ_2 + -+ Cp} (n =0,1,-- )

is equidistributed in C, if « is irrational. We shall study some sequential properties
of these “polynomial” sequences.

TueorEM 11. If the leading coefficient « is irrational, a polynomial sequence (4.1)
of degree p is equidistributed by p’s but is not equidistributed by (p + 1)’s.

Remark. A sequence ¥, equidistributed by 7’s is equidistributed by j’s for all
j < 7. This follows directly from the definition (1.2) of equidistribution if we set
2 = 2 G=1,--,1), @Gu=+-=a=0, bjyu=---=b =1
Therefore, Theorem 11 implies that the polynomial sequence (4.1) is equidistributed
by k’s if and only if k £ p.
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Proof. First we show that z, is not equidistributed by (p + 1)’s. Let f(n) =
an® + --- + ¢, . Let A be the forward-difference operator: Af(n) = f(n + 1) —
f(n). Then

A’f(n) = pla
or
kof(n) + kif(n + 1) + -+ + kpf(n + p) = pla

where £k, is the constant
by = (—1)* (f) (y = 0,1, -+, p).
For this choice of the integers k, we have, for all N,

N—1
& 2 exD 2wiho Bt i + o by i)

N—1
= ]lV ZO exp 2wi(ko f(n) + -+« 4+ ky f(n + p)) = exp 2wipla = 0.

Therefore, by the Weyl criterion, the vectors
Z(n) — (x" S Tugl, * x"+p)

are not equidistributed in C,4, i.e., the sequence z, is not equidistributed by

(p+1)s.
However, if ky, - -+, ky,_; are any p integers not all zero, we have
p—1 p—1
(4.2) ; Ief(n + v) = _Zok/A”fm)
where

(4'3) k;=<:)kv+<V—lv_l>kV+1+“‘+<p:1>kp—1-

The integers k,” are not all zero; in fact, k, = k,if » = s is the largest integer <
p — 1 such that k, 5 0. Let » = 7 be the smallest integer such that k,” # 0. Then
the polynomial (4.2) is a polynomial of degree p — r = 1 with irrational leading
coefficient

=p(p—1) - (p—r+ ek,

Then the polynomial (4.2) has the form gn”™" + --- | and by the equidistribution
of polynomials (mod 1) with irrational leading coefficients

N-—1
(44) %Z exp 2mi(pn” "+ ) >0 as N — «
n=0

or, since z, = {f(v)},

1 & :
(4~5) N—‘ ZO exp 27I'l<ko T + kl Tnt1 + R + kn-i—p*l xn+p—l) — 0.
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Therefore, the vectors 2™ = (2., -+ , Tn4p-1) are equidistributed in C,, i.e., the
sequence x, is equidistributed by p’s.

By using the identity (1.11), Jagerman [5] showed that the sequence x, = {n’a}
is white. Without using Jagerman’s identity, one can derive in an elementary way
the general result:

TuEOREM 12. If p = 2 every sequence x, = {an® + cn™ ' + -+ + ¢}, a ir-
rational, is white.

Proof. Let 7 be any positive integer. For every integer ko , k1 not both zero, we
have, as in the preceding proof,

ko(an® 4+ e 4+ - -+) + ki(a(n + 7)” + ci(n + 7)” 4+ ---) = polynomial in
n of degree = 1 with irrational leading coefficient.

Therefore, the vectors (., Znir) (n = 0,1, ---) are equidistributed in C..
Therefore,
N-—-1
R(7) = lim Ly > (:c,, — -1-> (x,,+, — 1)
N> n=0 2 2

=ff@-9@—9w@=a

We know from Theorem 11 that no choice of a will make the sequence z, = {n’a}
equidistributed by threes. Can we nevertheless choose a so as to make this sequence
equipartioned by threes?

TuEOREM 13. The sequence ¢, = {n’a}, a irrational, 0 < a < 1, is equipartitioned
by threes if and only if o is one of the four numbers (3 £ 4/3)/12, (9 £ 4/3)/12.

Proof. First we shall find values « which make

(46) PI‘(.’Dn > Tl > xn+2) = %.

An acceptable value a must also make the five other orderings of x, , nt1, Taye
occur with probability 1/6. In the unit cube C; we define the characteristic function
¢(x,y,2) of thesetx > y > z:¢ = 1 for points in the set, ¢ = Ofor other points
in C; . The relation (4.6) is equivalent to the existence of the limit

N

. 1
4.7) lim 1l > (@ny Tot1 , Tute) = 6

N> N n=1
The function ¢(z, ¥, z) has a Fourier series:

(4.8) &(, Y, 2) ~ D Cpor €Xp 2i(px + qy + 12).
»ar

If ¢ is defined by periodicity outside C;, this series converges to the piecewise con-

stant function ¢ except at the points of discontinuity. In particular, since the

numbers &, = {v’a}, « irrational, are distinct positive numbers < 1, we have
(Tny Tny1, Tut2) = Z Cpar €XP 271(PTn + @@ni1 + T%042)

Par

= > cpprexp 2mi(pn’ + q(n + 1)  +r(n + 2)Ha

T

(4.9)
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Observing that pn® + ¢(n + 1)° + r(n 4+ 2)* is independent of « if and only if
p, ¢, r are proportional to 1, —2, 1, we compute

Arira

e if p=r,q=—2r

.1 &
(4.10) Llf.}o N :L;:l exp(Pn + @nt1 + 1nts) = {0 otherwise.

If we can justify the interchange of limits
1 & .
lim - Z Z Cp.asr €XD 27U(PTn + qTnt1 + TTp2)

’V-»coN n=1 p,qr

(4.11)
= Y Cour ]1m = E exp 2mi(px, + qTpt1 + TTnta)
PyqT
we shall find, by (4.10),
(4.12) }Jlm N Z ¢(xn y Tntl, xn-{-?) = —Z Cr e 41”“!

where ¢, = c¢;—2» . We compute the Fourier coefficient

1,1 51
— f ff ¢(x’ y’ z)e—Zrir(:c—-Qy-l»z) dx dy dZ
0 Jo Jo

1 sz py .
(4.13) ¢ = f f f ¢ et gy dy da
0 J0 YO
1
& = 22(r;sz) 6 =g
Then formula (4.12) gives
1 < 1, <cos4
(4'14) h_l;ll N nzl ¢(xn y Tntl s xﬂ+2) = 6 + ~ co;ﬂd:;;q
The series on the right has the sum
S(a)=t—a+2 (0=ax})
(4.15)
S(a) = S(a — 3) G3=2as1).

We require those values of o which make S(a) = 1/6. Solving the quadratic equa-
tion, we find

(416) a=(3++4/3)/12 (0<a<d), a=(9++4/3)/12 (} <a<l).

If the interchange of limits (4.11) is justified, we have shown that Pr(z, > 2,41 >
Zn42) = 1/6 if and only if « is one of the values (4.16).

Now we shall justify the interchange of limits. The Fourier series (4.8) has
partial sums
Z Zri(pz‘+qy+rz)‘

Cpgr€
IplSmy lglSme Ir|=m3

(417) 3’_"(1, yyz) = sml.mz,M3("v: 3 75) =

From these sums we form the Fejér means

ms3

1 mi mo
(4.18)  oun(z,y,2) = TSNS Z= ‘/_; 2:40 Sty ko ks (2, U, 2).
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Since 0 = ¢ = 1, we have 0 = =< 1. If F is any closed subset of points of con-
tinuity in C;, then om — ¢ umformly in Fas |m| — « (c.f., A. Zygmund [8]). Let
W (p, q, ) be the limit computed in (4.10). Since each partial sum is a finite sum,
we have

N
lim = Z szr_i(xn y Tntl xn+2)

- Z Z Z cpqu(p,q.r) = + z cos 4mra

[p1Zm1 lafSme vl Smg = 2w
where ¢ is the largest integer for which ¢t < m;, 2t < ms, ¢ £ m;. We note that

t = t(m) — = as |m| — «. Let the limit (4.19) be called s(m). As |m| — =, s(m)
tends to the limit

(4.20) s = lim s(m) = + - €08 dmra
|m| >0 r=1 27r7‘2
Replacing sm by om in (4.19), we find
N
(421) lin > on(2, Zata  Taia) = o(m)

where o(m) is the (C, 1) mean value of the numbers s(k) for ky < my, ke = m.,
ky; £ mgs. By the regularity of (C 1) summability, we have

(4.22) o(m) —s =% + Z

cos 47r'ra
as | m | — o.

Let ¢ > 0 be given. Define F to be the closed set of points (z, y, 2) satisfying all
the inequalities

eSr=1— eSYyY=1—g

1A

2 =1 —g
(4.23)
lt—ylze ly—zze
Since ¢ is continuous in F, there is a number m, = mq(¢) so large that
(4.24) l¢(x’ Y, z) - aﬁ(x: Y, z) | <e in F if lml > mg .
let R=C; — F.Let P, = (%, Tny1, Tny2). We have

#(P.) — Z om(Py) = Zl (¢(P,) — an(Pn)) + 2 (¢ (Pn) — an(P))

(4.25) - o g
= 21 + Zz,

i !

By (4.24) we have

(4.26) 1> 0] < Ne if |m| > mo(e).
Since ¢ and om both lie between 0 and 1, we have |2, | < »» = the number of
points Py, ---, Py which lie in R. By the definition (4.23) every point P, in R

satisfies at least one of the inequalities
O§$n<6, 1—€<37n<1, Oéxn+1<e, 1—€<xn+1<1,
(4.27)

0= Tnye < € 1—e< Tnyo < 1, |113n - xn+1l < g [xn“ - $n+zl < e
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But the sequence x; = {k’a} is equidistributed in € , and the sequence (z , Zr41) is
equidistributed in C, . Therefore,
1

€ 1 €
limsup]%,v,v.f_fo dx+/1~ d9c+f0 dy + . dy

N->oo
+ foedz + fll_e dz + fflz_yl« dx dy + ‘[[w_zl«dydz < 10e.

Letting s be the limit (4.22), we find from (4.25)
1 N

]v nzl—-—:l d’(Pn) — 8
Let N — . If |m| > mo(e) we find
i3 EN: ¢(P,) — s
N n=1 "

But by (4.22) | o(m) — s | < eif | m | is sufficiently large. Therefore, the limit supe-
rior (4.30) is <12¢ for arbitrarily small ¢ > 0. Therefore,

(4.28)

N

%Z o'ﬂ(Pn) - S

n=1

(4.29) <

+ 2 Zil 4 5 | el

(4.30) lim sup < lo(m) — s|+ e+ 10e
N>

. cos 4rra
(431) lim = 2 Z $(Pn) =5 == + ; 5
This justifies the required formula (4.12). The essential point in the proof was the
inequality (4.28), which showed that not too many of the points (., Zni1, Tni2)
fell near the discontinuities of ¢.

To discuss each of the other five orderings we proceed exactly as before. For
example, to find those values of o which make Pr(z, > Zni2 > Tny1) = 1/6, we
define the characteristic function ¢(z, y, 2) of the set x > 2z > y in the unit cube C; .
This function has a Fourier series with coefficients ¢, . Justifying the necessary
interchange of limits, we find for this new function ¢:

L&
PI' (xn > Tnto > xn-H) = hm AT Z ¢(xn, Tn+41, xn+2)

N->wo n=1
(4.32) 5
= Z Cr.—2r,re4,rira = S(a)
where in this case
1 a2z pz
&= ooy = [ [ [ e drdzay
0 J0 JO
(4.33) .
C()=1/6, C,r = _8_‘"-—21»2 (1’?50).

This gives the sum
S(a) =4+3a—do (0 %)
S(a) = S(a — 3) (3=a=1).

This function S(«) is different from the function S(a) computed in (4.15) for the
first ordering. Nevertheless, the new equation S(a) = 1/6 has the same roots as
the old equation. These four roots in the interval 0 < a < 1 are, as before,

1A
IIA

a

(4.34)

1A
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(3 & v3)/12, (9 = v/3)/12; and Pr(x, > Tnys > 2,4q) = 1/6 if and only if «
has one of these values.

For the remaining four cases these are the results: To compute the three prob-
abilities Pr(z,i1 > ®n > Tute), Pr(Tass > Tuge > 2.), Pr(zeie > 20 > o) we
compute, respectively, the Fourier coefficients ¢, = ¢, o, for the characteristic
functions ¢ of the sets y > 2 > 2,y > 2 > 2,2 > x > y. For each of these cases
computation gives the coeflicients ¢, recorded in (4.33) for the second case. For the
last case, to compute the probability Pr(x,4s > %,41 > z.) we find for the char-
acteristic function ¢ of the set z > y > x the same coefficients ¢, which were com-
puted in (4.13) for the first case. These unexpected coincidences show that the
same four values of o make all of the six probabilities equal to 1/6. This completes
the proof of the theorem.

5. Completely Equidistributed Sequences. J. F. Koksma [3] proved in 1934
that for almost all # > 1 the sequence z, = {#"} is equidistributed. We shall show
that these sequences, unlike the other equidistributed sequences which we have
investigated, are completely equidistributed. We shall use the following preliminary
result:

TueoreM: (Koksma (3], Satz 3.) Let a and B be fized real numbers with a < 8.
For each natural number n let f(n, 0) be a real, continuously differentiable function of
0ina = 0 < B; and let

(5.1) o5 m,0) = 2 f(n,0)

denote for each pair of unequal natural numbers m and n a monotone function of 6 in
a £ 0 =< B, which everywhere in this interval has absolute value = K, where K 1s positive
and independent of 6, m, and n. Then f(n, 8)(n = 1,2, - - ) is equidistributed modulo
1 for almost all 9 in o < 6 = B.

From this theorem we derive the following:

TuroreM 14. Let p(0) be any twice continuously differentiable function with at most
a finite number of zeros in any finite subinterval of § > 1. For n = 1, 2, --- let
M(n) = 1; and for each pair of positive integers N # n let

(5.2) |M(N) —M(n)| 2 L

where L is a positive number independent of N and n. Then the function p(6)8
(n=1,2, ---) is for almost all 6 > 1 equidistributed modulo 1.

Tor p(8) = 1 this theorem was proved by Koksma [3], Satz 2.

Proof. Let 1 < a < @, where the closed interval « < 6 < § contains no zero of
p(8). The open interval between two consecutive zeros of p(8) can be covered by a
denumerable collection of closed intervals [«, 8]. Therefore, it will suffice to show
that p(6)6™™ is equidistributed modulo 1 for almost all 6 in each interval [a, 8].
Let g(8) = p(6)6™™. Let

M(n)

(53) VN, m,0) = £ g(N,6) = = g(n,6).

We shall show that there is an integer s = 0 such that, if N > n > s, then ¢ is a
monotone function of 6 in [, 8] with absolute value =K, where K is a positive
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number independent of N, n, and . Then, by Koksma’s theorem, the sequence
fn, 8) = g(n + s, 6) (n = 1,2, ---) will have been shown to be equidistrib-
uted modulo 1. But this will imply that the original sequence g(n, 8)(n = 1,2 ---)
is equidistributed modulo 1, since the first s members of a sequence cannot affect
the property of equidistribution.

We show first that M (n) — « asn— «. Given any B > 1 we let » < « denote
the number of integers n such that M (n) < B. Because of the inequality (5.2), we
have (v — 1)L < B — 1. Therefore, » is finite. If np is the greatest integer n such
that M(n) < B, then M(n) > Bif n > ng . Therefore, M(n) — « asn — «.

Let A and a denote, respectively, the larger and the smaller of the values M (N)
and M (n). Then

d

9N, n,0)| = |26"p(6) — 26°P(6)

= | p(6) (46" — a8*™") + p'(6) (6" — 6) |.
For @ £ 6 =< B there are numbers ¢ > 0 and D = 0 such that
(5.5) 1p(0) |2 [P =D, |p'(0) = D.
Then

(54)

|\1’(N7n’0)l

%

fa (46" — a8®) — D(6* — 0°)

(fg - D> °(6° ™ — 1).

But, by the assumption (5.2), A — a = L. Therefore, for o« < 6 = 8,

(5.6)

\Y

(57) Wm0 2K = (%= D) (@ = 1.

The number K is positive if a > DB/e. Since M(x) — «© as x — <, there is a
number s so large that M (x) > DB/eif x > s. Therefore,

(5.8) |[¢Y(N,n,0)| 2K >0 if N>n>s.

It remains only to show that y is monotone in 6 for N > n > sufficiently large s.
We compute
‘ W (N,n,0)

30 = |p(6)(A(4 — 1)6* — ala — 1)6*)

+ 22),(0)([10“_‘1 — aa"_‘) + p”(@)(@A _ oa) l

1%

A =18t = ala = DF) - 271) (A6* — a6®) — D(6* — 6%

W%

e 'a((A — 1)6" — (a — 1)6°) — 2D6'(A0* — a6®) — D(6* — 6°)
(6 %a — 2D67 ) (A6" — ab®) — (D + 6 ’a) (6" — 6°).

If a > 2Dg/e, the last expression is

= (6%’ — (2D67" 4 6 P)a — D) (6" — 6%).
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The last expression is positive for all 6 in [«, 8] if
—2 2 —1 —
8 o — (2Da " + ea 2)a—D>0

which is true for all sufficiently large a. Therefore, if s is sufficiently large,
oy )
(5.9) %-(N,n,o) #0 if N>n>s.

This gives the required monotonicity; inequalities (5.8) and (5.9) complete the
proof of the theorem.

TurorEM 15. For any two functions A(6), B(8) the sequence x, = {A(6)6" +
B(8)} (n = 1,2, ---) 1s completely equidistributed for almost all § > 1 if A(6) has
two continuous derivatives for 8 > 1 and if A(6) has at most a finite number of zeros
m any finite subinterval of 6 > 1.

Proof. For every integer r > 0 we must show that for almost all § > 1 the se-
quence of vectors 2™ = (2n, Tag1, -+, Tagr) (n = 1,2, -+ +) is equidistributed
in the r-dimensional unit cube C,. By the Weyl criterion this is equivalent to
showing that

r—1

N
(5.10) % > exp2ni  k,(A(0)6"" + B(6)) -0 as N—
n=1 p=0

for almost all 8 > 1if ky, - -, k,_; are any integers not all zero. Let q(0) = ko +
k6 + -+ + k16", Formula (5.10) requires that
N
(5.11) ]% > exp 2wiq(0)A(0)6" -0 as N — .
n=1

But the function p(8) = ¢q(8)A(6) satisfies the conditions of the preceding theorem,
since the polynomial ¢ has at least one non-zero coefficient. Therefore, for almost
all 8 > 1 the sequence {g(6)A(8)6"} is equidistributed in C;. Then (5.11) follows
from the one-dimensional form of the Weyl criterion applied to the sequence
q(6)A(6)6". This completes the proof.

CoroLLARY. The sequence {0™} (n = 1, 2, ---) is completely equidistributed for
almost all 6 > 1.

Proof. In the last theorem this is the case A(6) = 1, B(6) = 0.

The algebraic character of the number 6 may influence the sequential properties
of {6"}. Although it is not known whether {6"} may be equidistributed if 6 is ra-
tional, we have the result:

TuroreM 16. If {67} 1s equidisiributed by r’s, then 6 cannot be an algebraic number
of degree < r. In particular, if {6} is completely equidistributed, then 6 is transcen-
dental.

Proof. By (5.11), if {8"} is equidistributed by ’s, then

]% Z exp 2mi(ko + k16 + -+ 4+ k6 )6"—0 as N — o
n=1

if ko, - -+, k,_; are distinct integers not all zero. Therefore, ¢(8) = 0 for any poly-
nomial ¢ of degree < r with integer coefficients not all zero.
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TuroREM 17. Every completely equidistributed sequence x, vs white.
Proof. For every 7 = 1, 2, --- the pairs (., ®.4.) are equidistributed in Cs,
sincefor0 S ap < b =1, 0=2a. <b =1

Prias =z, < by, a = xpyr < br)
=Prlagg L2 <by, 0Z20n <1, -+, 02 2,1 <1, G = Tuyr < by)
= (bo — ao) (b: — ar)

because the sequence x, is equidistributed by (7 -+ 1)’s. Therefore, as in the proof
of Theorem 12, z,, is white.

6. White Sequences. We have called an equidistributed sequence x, white if
it is uncorrelated with any of its translates ,,, 7 # 0:

(6.1) R(T)=1iml§;(xn—%><xn+f—%>=o (r=1,2---).

N->0 n=1

We have shown in the proof of Theorem 12 that every sequence x, is white for which
the pairs (z, , n,) are equidistributed in C, for every 7 = 1, 2, - -- . The purpose
of this section is to emphasize that whiteness is a weak criterion of randomness. We
shall show that an equidistributed white sequence need not be equipartitioned by
twos.

TaEOREM 18. There is an equidistributed white sequence . for which Pr(z, > Tni1)
> 3.

Proof. Let 41, 42, -+ be any truly random sequence of independent samples
from the uniform distribution on 0 < y < 1. We shall form the sequence z; , x5, - - -
from the separate pairs y;, y2 ; 43, ¥a ; - - - of the y-sequence. Let G be a fixed region
in the unit square 0 < u < 1,0 £ » < 1;let G* be the complementary set. We de-
fine

Topn—1 = Yon—1, T2n = Yon if (y2n_1 s yzn) €Eaq
(6.2) . .
Ton1 = Yon s Xon = Yon1 I (Yono1, You) € G .

TFor any G this transformation leaves the sequence z, equidistributed, since for
every N =1,2, .-

(6.3) | > 11— > 1]=1.

a<zn<b a<yn<h
n<N n<N

For any G we shall compute the autocorrelation function R(r) of the z-sequence
and compute Pr(x, > x.41). We shall then choose G to make R(7) = O for 7 = 0
but make Pr(z, > xn41) > 3.

Let g be the area of (; we assume 0 < g < 1. Let « be the area of the intersection
of @ with the triangle 0 = v < u < 1, and let 8 be the area of the intersection of
G with the triangle 0 < v < v < 1; thus @ + 8 = g. Let v and & be the moments

(6.4) 7=$[f0(u—%)dudv, 6=3f[0<v—%)dudv.
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Let numbers ¢*, ¥, 8%, v*, 6* be defined analogously with respect to G*. Thus
F B =g at+ " =1/2,84+ 8 =1/2, g+ ¢ =1, and

o)+ (7) - @)

Let P, = (Yan1, Y2n)(n = 1,2, ---). Finally, let a, = z, — %, b, = y, — 1.
First we compute R(1) = E a,a,4, . If nis odd, a, and a,,; come from the same
point P, . Therefore,

(6.5) E asn 1090 = E bou_ibsn = 0

since the numbers b, = y, — 1/2 are uncorrelated with mean zero. If n is even, the
numbers a, , @,41 come from two consecutive points P. Thus

(G20, G2ng1) = (ban,y boegn) if Py € G Puyn € G
= (ban, bonye) if Po € G, Puy € G
= (boncs, bonys) if P, € G5 P €G
= (bans, bonys) if P, € G* Poyy € GF
Therefore, as we shall explain directly,
(6.7) Bz, i1 = g%y + g™ 86" + g%gv"y + g™ 0"

The first term ¢’y is simply the probability ¢° that both points P, , P, lie in G,

multiplied by the mean values 8, v of b5, = v — % in G and of bsy1 = u — 2 in G;

(6.6)

the other three terms arise similarly. Using the identities g*y* = — gv, ¢*6* = — g3,
we find from (6.7)

(68) Eaznazn_H = — g2('y —5)2

Since

R(]-) = Eanan-}-l = %(Eadn—la%z + Ea2na2n+l)
we have from (6.5) and (6.8)

(6.9) R(1) = — 3g°(y — 8)".

Next we compute R(7) for 7= 2s = 2,4,6, ---. We have
(6.10) R(2s) = E(a,0ny2s) = 3E (2010201425 + 020020 125) -
But

A2n—102n—142s + A2, A2n 425
= ban_1bgn_1425 + banbonyo if P, €GP, €Q
= bon_1bongas & bonban_iias it P,c@G P, cG
(6.11) = buubzir42s F Do if P,€G Pu€G
= Donbantas + Don_1bon_1ios it P,cG*P,,cq
Therefore, E(azn_102, 1405 + G2,02,42) equals
O+ &) + gg" (" + o) + gTg (5 + ) + g6 4+ 4T = 26°(v — 8)”
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Therefore,
(6.12) R(2s) = ¢’(y —8)° (s=1,2,---).
The cases 7 = 2s + 1 (s =1,2, ---) are slightly more complicated. We have
Oon102n42s = Don—ibonyes i Pn € Gy Poys € @
= byuibeniess if Pn € G, Puys € G*
= Donbonyos if P,€G P..€GQ
= bobantag  if  Pn € G¥, Puys € G
But a term asn@snt2s41 Will involve a third point, Ptss :
(22027 42541 = Danbon 251 if P,€G Poysn €GQ
= bubsnizers i Pp € G, Poopn € G
= bonsbonizers if Pn € G* Puyoys € G
= bon-ibongzege if Pn € G%, Pryois € G
Therefore, for s = 1,2, -- -,
2R(2s + 1) = Easu102ni2s + Eazuonizssr = gv6 + gg* vv* + ¢%98%s + ¢*6™*
(6.13) + g% + 997 85" + gy + ¢S = 20 (v8 — 7" = 8" + &)
R(2s+1) = —¢'(y = 8" (s=1,2).

Having computed R(7) for all 7 # 0, we shall compute Pr(z, > z, ). If n is
odd, the numbers ¥, , y.+1 are the coordinates u, v of the same point P;, where
n =2 — 1. But

(X2j1, T25) = (Yojo1, 425) i P, €G
= (Y25, Yoju) if P, € G

Therefore, x2;_1 > .; when (u, v) = P, € Gand u > v, or P; € G*andv > w.
By the definitions of the areas a, 8, o, 8*

(6.14) Pr(z, > ;) =a+8 =a+1—8

When n = 2j is even, the numbers @,; , 22;.1 come from different points P, , P, .
We have

(6.15) Pr(2:; > @2,41) = g°A + g¢"B + ¢*9C + ¢*'D
where, if P; = (u;, v;) = (Y251, Y25),
A=Pr(v;>ujn |P;€G, Pin€@)
B="Pr(v;>v, 4 | P, €G, Pisc€G")
C=Pr(u;>un|P; €GN Pin€GQ)
D="Pr(u;>v,u | P; € G P,y €G%).

(6.16)
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We must now define four probability densities ¢(u), ¥(v), ¢*(u), ¥*(v). We
define

o(u)du =Pru =u Su+du|(W,) €Q)

(6.17) , r
Y dv=Pro v S v+dv|(u,v) €G)

or, equivalently,

®(u) =f o(u) du’ -1 ff du' dv’
0 g (u',,v;)eﬂ

(6.18) )
¥(v) =](; y(') &' =% ff du' dv'.

(u'w)ee@
v v

A

The probability densities ¢*(w), ¥*(v) and their integrals ®*, ¥* are defined analo-
gously for the region G*. Thus

(6.19) gp(u) + ¢*6*(u) =1,  g¥(v) + ¢g"¥*(v) = L

From (6.16) we now compute

A= fo fov,» ;) (ujs1) dujsr dv;
(6.20) 1
4= j‘; y(0)@(v) dv.

Similarly we compute
1
B = f v)T*(v) dv
0
1
(6.21) C = f " (w)®(u) du
0
1
D= f " (w)¥* (u) du.
0
From (6.15) we now find Pr(=zs; > @;41) equal to
1
(6.22) fo [y ()®(t) + gg™¥T™ + g"go™® + ¢*'¢"¥"] dt.

From (6.19) we see that the integrand equals

g + gt — g¥) + g@(1 — g¢) + (1 — go) (t — g¥)

2 _1 2 2 d — —
_g(Tt(\ycp 5(\I/+<I>)>+ggt(t§> tV) 4+t + 29ty — o).
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Integration gives

Pﬁw>xm0=/(H4M¢—MMt

(6.23) = 5 + 2980w — u|(u,0) € G)
Pr (x5 > oj11) = % + 29(8 — 7).
From (6.14) and (6.23) we conclude
(6.24) Pr(z. > o) = 3(1 +a — ) + g6 — 7).
Now we are ready to define G. We have shown for s = 1, 2, ---
R(1) = — 3g°(v — 8)°,  R(2s) = g*(v — 8),
(6.25) (1) 79 ( ) ( g ( )

R(2s4+1) = — ¢*(y — 8)~.

Therefore, it will suffice to pick G to be any region which has its centroid
(v + %, 6 + %) on the line u = v, but which has more area « to the right of u = v
than it has area 8 to the left of ¥ = ». This we may do, for example, by letting G
consist of two small circles K and k, where K has area 2¢ > 0 and lies to the right
of u = v, and where k has area ¢ and lies to the left of v = v. Let K have center O
and k have center 0. We require that the line segment connecting O to o pass through
the center of the square (3, 1), and that the distance from the center of the square
to 0 be twice the distance to O. Then vy = §, @ = 2¢, 8 = ¢,

(6.26) Pr(z, > o) = (1 + o), R(7) =0 (r=1,2,---).
For example, if 0 < ¢ < 7/128, we may let K and k be the circles

5\’ 3\ 2 1\’ ( 3)2 €
This completes the proof of the theorem.

7. Sequential Equidistribution in Higher Dimensions. We have so far con-
sidered various sequential properties of sequences z;, z», --- equidistributed in
the one-dimensional line segment C; . But for many applications we must simulate
random sequences in higher-dimensional cubes C, ; typically r = 2 or 3. For these
applications we require sequences of r-dimensional vectors

(71) y(n) = (yl(n)7 ?/2(")7 e ,yr(n)) (n = 17 27 o )

which are equidistributed in C, . One can discuss various extensions of the notion of
equipartition. It might also be useful to discuss the autocorrelation function

(a2) R =limt S5 (0" - D) (5" =) =01,

n=1 p=1
to define the related spectral density ¢(w), to extend Jagerman’s results to higher

dimensions, and to discuss higher-dimensional white sequences.
However, in this paper we shall consider extensions only of the notions of
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equidistribution by k’s and of complete equidistribution. For any k = 1, 2, - - - we
shall say that the sequence of r-dimensional vectors y™ is equidistributed by &’s if
the sequence of k-r dimensional vectors

(n) __ (n) (n+k—1)
w = (y y LY )
(n+1) (n4+1) |
b

=(y1("),“‘,yr("),y1 y Tty Yr W *t oy Yr

is equidistributed in the k-r dimensional unit cube Ci- . The sequence y(") is com-
pletely equidistributed if it is equidistributed by %’s for all k.

(7.3)

(n+k=1) (n+k—1) )
b

If 21,2, - - - isa truly random sequence of independent samples from the uniform
distribution on C; , then
(74) y(") = (wnr y Tnrg1y, * 00y xnr+r—l) (n = 1) 2a t )

provides a truly random sequence of independent samples from the uniform distri-
bution on C, .

For any one-dimensional sequence =z, , random or deterministic, we define the
r-dimensional “derived sequence” 2™ by (7.4). We shall investigate the derived
sequences of certain one-dimensional equidistributed sequences.

We first ask whether a sequence x, equidistributed by r’s for some » > 1 has an
equidistributed r-dimensional derived sequence. This is not true in general.

TurorEM 19. There is a sequence 1, Ty, X3, - - equidistributed by 2’s in Cy for
which the 2-dimensional derived sequence
(75) y(l) = (lez ) x3)) y(Z) = (1'4 ) x-”)) y(3) = (.’136 ) .’1?7), Ut

18 not equidistributed in C; .

Proof. We shall construct a sequence z, for which the pairs (z, , €,41) are equi-
distributed in C, but for which the alternate pairs (s; , #2;41) are not equidistrib-
uted. Let ¢, be any sequence equidistributed by twos, e.g., g. = {n’a}, « irrational.
If we let T and IT represent, respectively, the left and the right halves of the interval
0 < z < 1, we create from the g-sequence a sequence x, which may be represented
schematically as follows:

(7.6) @n = 1,1, T 11, 1,1, I, I1, - - - .

To be precise, we define

— 1 — 1 1 — 1 1
g1, T2= 302, T3 =73t 393, Ts= 73+ 304,

[

(77) 1 1 1 1 1 1
Ts = 305, T =3¢, =73+ 301, =3t 3gs, etc.

The successive pairs (z, , £,+1) have the schematic representation

(7.8) (%n , Tura) = (L 1), (I, II), (II, IT), (IL, 1), - - - .

Thus the pairs (., , .+1) are equidistributed in the four sub-squares of C; :
(LI) = (0su<$,3sv<1) AL =@G(=su<lLisv<])
(IL,DH=0=u<30=2v<3) LD =@ =u<,0=v<3).

Therefore, (x, , 2,41) is equidistributed in C; . But the successive pairs (23 , T2j41)
have the schematic representation

(79) (.’132]' ) xZH—l) = (Ir II)) (IL I)) (I) II)) (II) I)y Tt
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Since the sub-squares (I, I) and (II, II) remain empty, the sequence (xs;, x2;41)
cannot be equidistributed in C, . This completes the proof.

TuaEorEM 20. For some o let Ty = {Nz, + 6} (n=0,1,---), N = in-
teger = 2. For any such sequence the r-dimensional derived sequence (7.4) cannot be
equidistributed in C, for any r > 1.

Proof. Suppose that for some r > 1 the derived sequence y™ defined by (7.4)
were equidistributed. From this assumption we shall deduce that the original
sequence z, is equidistributed by r’s. Let h be the r-dimensional vector
h= (6,6, --,8).8ince N is an integer 0, it is an immediate consequence of the
Weyl criterion for equidistribution in C, that the sequence

y" =Ny b (n=1,2)
is also equidistributed modulo 1 in C, . Consequently,
y" =Ny b (n=1,2,)
(n,1)

is equidistributed modulo 1 in C, , et cetera; each of the r sequences ™, y ™", - -,

y*" ™ is equidistributed modulo 1 in C, . But, since N2, + 6 = ;41 modulo 1,
(n) )
Y Y= (wnr s Tur41y *°° ﬂ/nr+,-_1>
(b _ )
YU = (Turgrs Turga s 0 Turdr) (mod 1)
(=) _
Yy " = (Il)nr+r—1 y Tnrgry * 00 xnr+2r—2) (mod 1)

To show that the original sequence z, is equidistributed by r’s we must show that
the sequence of vectors 2% = (@, Te41, -+ Tppr) (b = 1,2, -+ ) is equidistrib-
uted in C, . But

™)+ — M D ar-n @ @D @r—1)
2 % y =Y LY y Ty Y yY Y y L Y y T
. 0
In general, for k = r, if y™% = y™,
® . (n.0) ) . _ . _
2P =y (p=0,---,r—1; n=1,2--; k=nmn+p).

Therefore, 2% is equidistributed in C,, and the Multiply sequence z, is equidis-

tributed by r’s. But this is a contradiction to Theorem 4, which implies that no
Multiply sequence is equidistributed by r’s for any » > 1.
THEOREM 21. Let a be irrational. Let

(7.10) z, = {an” + em™ 4+ ™ + -+ + ¢y (n=1,2 ---).

The r-dimensional derived sequence y'™ is equidistributed by k’s if and only if kr < p.
Proof. For r = 1 this theorem reduces to Theorem 11 in Section 4. The sequence
of y™ is equidistributed by k’s when the sequence

(711) w(n) = (xﬂfy Tprt1y " "0, xnr-{-kr-—l) (n =1,2 )

is equidistributed in Ci,. We now proceed as in the proof of Theorem 11. Let
fn) = an® 4+ - -+ 4+ ¢, . Let Af(m) = f(m 4 1) — f(m). The Weyl criterion states
that w'™ is equidistributed when

N kr—1

lim N7'Y exp2mi 2, hjf(nr+j) =0
=0

N->o0 n=1
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for any integers ho, - - - , hxy—1 1Ot all zero, or, equivalently, when
N kr—1
(7.12) lim N7' D exp2m . hi/Af(nr) =0
N->ow n=1 7=0
for any integers hy , -, hir—y 1ot all zero.

If kr > p, we may choose h,’ = 1, h;/ = 0 (j  p). Then for every N =
1,2, -

kr—1

N N
N7 exp 2miy, hiAf(nr) = N7') exp 2miA”f(nr)
n=1 7=0 n=1

N
= N2 exp 2ni p! r’a = exp 2wi p! ra = 0.

n=1

Therefore, w'™ is-not equidistributed if kr > p. But if kr < p, and if ki = 0 for

Jj < s but he = 0, then D h;A%f(nr) is a polynomial in n of degree p — s =1
with leading coefficient

B=pp—1) - (p— s+ L)r'ah.

Since B8 is irrational, we have the required zero limit (7.12). This completes the
proof.

TarEorREM 22. For almost all > 1, for any r > 0, the r-dimensional sequence y'
derived from x, = {0} 1is completely equidistributed.

Proof. We must show that for almost all § > 1 the sequence

w(n) = (enr, onr—H’ . onr—Hcr—l) (mOd 1)

is equidistributed in C}, . The Weyl criterion requires

. N kr—1
(7.13) lim N7' D exp2m Q2 h6"" =0
N->oo n=1 j=0
for any integers hq, - - - , hx—1 not all zero, i.e.,
N
(7.14) lim N D exp 2mip(6)6™ = 0
N->owo n=1

where p(8) = 2 h; 6’ = a polynomial which is not identically zero. But by Theo-
rem 14, if we set M(n) = nr and L = r, the sequence p(8)6" (n=12---)
is equidistributed modulo 1 for almost all 6 > 1. The relation (7.14), therefore,
follows from the Weyl criterion applied to the one-dimensional sequence p(8)6™.
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